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to compressive effects, the density perturbation at the end
wall also increases with time, but at a slower rate than the
perturbation at the shock wave. The unsteady reflection
process thus creates a negative gradient in density toward the
end wall.

An examination of Eq. (11) shows that the temperature
perturbation just behind the reflected shock front is negative
and becomes more negative with time, whereas the perturba-
tion at the end wall is positive and increases with time. In
fact, there is a growing region of gas near the end wall, of
width [(7 — l)K/I]x, wherein the temperature perturbation
is positive and increases steadily with time.

This unexpected result for the temperature can be ex-
plained as follows. Implicit in the conservation equations
for steady, one-dimensional flow of an ideal gas is the re-
quirement that the flow in region 2 lose thermal energy in
order for the density to increase. This energy loss is respon-
sible for the negative temperature perturbation immedi-
ately behind the reflected shock wave. Whatever the
mechanism for energy extraction from region 2, the momen-
tum of this gas is increased, and this increase in momentum
manifests itself as a pressure rise in region 5. The net
effect is that compressive work is continually being done on
the gas in region 5, thus adding thermal energy along each
particle path. Furthermore, the rate of energy addition is
the same along all particle paths since the pressure rises
uniformly. The energy of a particular gas element at any
given time thus depends on the initial thermal energy of the
element upon entering region 5 and the length of time spent
in region 5.

Some of the results obtained here for an ideal gas are of
use in understanding the shock-reflection process when
density gradients are present in nonideal gases. Although
the numerical results may differ, many of the important
physical concepts are retained. For example, one must con-
clude that radiative cooling behind an incident shock wave,
a nonadiabatic effect which would increase the density in
region 2, should also cause an entropy layer. If radiative
cooling occurs in region 2, one may thus expect a trend
toward higher temperatures near the end wall and lower
temperatures near the reflected shock wave. In a real case,
of course, when energy is being lost by means of radiation
from region 2, region 5 may also be losing energy, and this
fact would have to be included in any meaningful calculation.

Since vibrational and chemical relaxation cause a density
increase behind the incident shock wave, the present model
also accounts for the principal features of reflected-shock
flowfields in relaxing gases. This connection is possible since
relaxation effects in region 5 may be considered part of the
reflected-shock structure (owing to the comparatively fast
relaxation at the higher temperature and density of region
5). One would thus expect entropy layers with positive
temperature perturbations and negative density perturba-
tions near the end wall.1'2

For cases involving relaxation, only a limited density change
occurs in region 2 so the resulting perturbations in region 5
eventually approach a steady-state distribution. This
limiting behavior is clearly exhibited in Fig. 2, which presents
a measurement of the pressure on a shock-tube end wall dur-
ing the reflection process in vibrationally relaxing nitrogen.4
The sharp rise in pressure corresponds to the arrival of the
shock wave at the end wall while the subsequent gradual
rise in pressure represents the perturbation caused by the
relaxation in region 2.

After steady-state conditions are reached, the reflected
shock moves away from the end wall at a steady speed, leav-
ing behind a growing region of gas with a uniform equilibrium
state and a stationary entropy layer adjacent to the end wall.
The thickness of such an entropy layer scales directly with
the length of the incident-shock relaxation zone, and is essen-
tially that relaxation length compressed by the density ratio
across the reflected shock wave.
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WHEN it is desired to produce very high current sheet
speeds in plasma accelerators, it is usually necessary to

use very large currents. To obtain these currents the external
circuit inductance is usually reduced as much as practical and
generally results in a condition where the accelerator induc-
tance and its time change govern the drive current, rather than
the external circuit. In order to investigate this we have used
the snowplow1 model to give the current sheet position and a
circuit equation that assumes a fixed external circuit in-
ductance in series with a time dependent inductance (the
accelerator). No circuit resistance is included. This tech-
nique has been used previously2 and thus the purpose of this
Note is not to introduce the computation technique, but to
present some new and useful results.

We wish to use this technique to compute the speed of the
current sheet in a coaxial accelerator, and in this device the
force on the current sheet varies with the radius squared.
Thus, one must either apply the snowplow model at some
mean radius, or, as was done here, apply the equations at
several radii. To do this, a separate momentum balance is
made at each of 5 equally spaced radii and the position of
the current layer is computed at each radius. This will give a
parabolic shaped current sheet which should approximate
that found experimentally by Keck3 for this geometry.
When this is done the snowplow equation for the distance
of the current layer from the insulator of the accelerator,
Xi, at the radius ri is

= jUo/V&TrVi2 (1)
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Fig. 1 Measured current sheath speeds in the NCAR
accelerator compared with those calculated from the pre-

sent model and the constant inductance model.
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Fig. 3 Speeds in a coaxial accelerator as measured by
Keck and the speeds C\ and Cz computed here.

where / is the accelerator current, /zo is the magnetic per-
meability of free space, and pi is the initial mass density.
This equation is coupled to the equation for the current, /,
which is

(L0 + L)I + 2LI + (I/O + L)7 = 0 (2)

where Z/o is the fixed external circuit inductance, L is the time
dependent accelerator inductance, and C is the energy storage
capacitance; by the equation for the time dependent in-
ductance,

(3)

Equations (1, 2, and 3) were solved numerically to give the
current sheet speed as a function of time. The computed
speeds at the inner electrode of a coaxial accelerator with an
inner radius of 2.375 cm, an outer radius of 4.25 cm operating
in hydrogen with circuit inductance LQ of 20 nanohenries
and energy storage capacitance of 85 juf are shown in Fig. 1.
This is the accelerator currently being used at NCAR, and
the experimental data presented in the same figure are speeds
at the inner electrode as determined by streak camera photo-
graphs. The speed for a constant inductance of 30 nano-
henries is also shown for comparison. Note that both the
measured and computed speeds are nearly constant while the
fixed inductance solution predicts a much greater variation
in time. This is because the time dependent inductance
modifies the current waveform in such a way as to decrease
the speed and make it relatively constant. Also, the in-
crease in speed with decreasing pressure or increasing voltage
is much less than that given by the constant inductance
model. The constant inductance solution predicts a current
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Fig. 2 Accelerator and sheath current measured by Datt-
ner & Eninger and the accelerator current computed by

the present model.

sheet speed that is proportional to the initial capacitor
voltage, V0, and inversely proportional to pi1/2. However, a
curve fit to the preceding calculations shows the speed is pro-
portional to "Fo1/2pi~1/4j for speeds between 18 and 40 cm/jusec.

We have confirmed that the decrease in speed is due to a
reduction in drive current by a comparison of the computed
and measured current in the accelerator. The constant in-
ductance current was also verified by shorting the accelerator
electrodes. In addition, the modification of the current
waveform to give nearly constant speeds was also observed.

It is quite interesting to compare our numerical results
with existing experimental data. In the experiments dis-
cussed now the measured acclerator current was higher than
the current we compute for that particular experiment.
Usually, it is nearly the current predicted by a constant
inductance model. It is not clear how such large currents are
obtained; possibly a substantial part of the current does not
move down the accelerator, but remains at the insulator.
This would of course reduce the speed of that current that
did propagate down the accelerator. In most of these cases
we also find close agreement between the speeds we compute
and those measured experimentally. Speculation as to why
the measured current exceeds the value we compute and the
measured sheath speeds or sheath currents agree with our
calculations is carefully avoided; however, several illustra-
tions are given.

Dattner and Eninger4 have determined the current within
the current sheath by measuring the change in magnetic
field across the sheath. They also measured the total acceler-
ator current. Their results are shown in Fig. 2 with our com-
putation for the accelerator current. Please note the agree-
ment between all three methods when the effect of the time
varying inductance is expected to be small (3kV) and agreement
between our computation of the accelerator current and their
measurements of the current within the sheath when the
effect of the time varying inductance is not negligible.

Keck5 has carried out a very thorough investigation of the
dependence of current layer speed on experimental param-
eters in a coaxial accelerator. Generally, he observed the
current layer speed to be less than that computed from the
measured current. Using the present model, we have com-
puted the speed Ci at the inner electrode and €2 at the outer
electrode for Keek's experimental conditions. These results
are shown in Fig. 3 using the same format as Keck (Fig. 7
of Ref. 5). In this figure the only difference from that given
in Ref. 5 is that the computed speeds are calculated from our
model, rather than the measured accelerator current. Again,
the agreement between our calculated and Keek's measured
speeds are usually good. The present model has used a
lumped capacitor and inductor in the external circuit and
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Keek's experiments were with a transmission line circuit.
However, when the current becomes limited by the changing
accelerator inductance rather than the external circuit, the
eternal circuit has little effect on the accelerator current.
Thus, the present computations are expected to accurately
predict the speeds, particularly at speeds above 8 cm/jusec.

Patrick6 has reported speeds in a coaxial accelerator from
20 to 40 cm/jusec. We have attempted to duplicate his ex-
perimental conditions, but the present models give speeds of
18-22 cm///sec.
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A Parallel between Keplerian Integrals
and Integrals of the Adjoint Equations

I. F. BURNS*
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ACLASSICAL development of the Keplerian vector con-
stants, angular momentum and the perifocus vector

(Hamilton's integral), is presented. A similar procedure is
applied to the combined motion and adjoint equations to de-
rive two additional vector constants, analogous in algebraic
form to the Keplerian integrals, one which is apparently new.
A full set of six independent integrals for the adjoint variables
is obtained by adjoining to the two vector constants a known
integral explicitly dependent upon time.

I. Introduction

There has been recent interest1"2 in finding integrals of the
system

f = (F/mA.)\ - (iJL/R*)X

X = -

(1)

(2)

where X and X represent position and velocity vectors rela-
tive to an earth centered, orthogonal, nonrotating coordinate
system with gravitational constant jit. The vector X is ad-
joint to X and the magnitudes of X, X, and Jt are denoted A,
R, and V, respectively. Equations (1) and (2) govern the
optimum (maximum pay load) trajectory of a powered ve-
hicle in an inverse square gravitational field. The vehicle's
mass, m, is assumed to vary linearly with time on finite thrust
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arcs and to be constant on coast arcs. When the thrust
magnitude, F, is allowed to become large or even unbounded
the resulting optimal trajectories characteristically become
some sequence of short thrust arcs (F = FMAX > 0) and rela-
tively long Keplerian coast arcs (F = 0). As a first step in
finding integrals for Eqs. (1) and (2) one might consider only
the coast arcs. In the special case where the thrust magni-
tude is unbounded and the thrust arcs are infinitesimal (im-
pulses), the integrals for coast arcs may easily be extended to
account for the impulses.

II. Derivation of the Integrals
Unpowered flight (F = 0) is considered first. Conservation

of angular momentum is shown by crossing Eq. (1) from the
left by X and observing that

X X f = (d/dt)(X = (d/dt)(L) = 0 (3)

If one treats the combined Eqs. (1) and (2) similarly with X
and X, then X X X = -(^/R3)X X X and X X X =
— (fJi/Rz) X X X. Adding these equations yields

X x l + Z X X = (d/dt) (X X 1 + X X X) =
(d/dt)(L*) = 0 (4)

Note that Eq. (4) holds also for powered arcs.
The similarity of the respective derivations of L and L*

and the algebraic forms motivates one_to seek a correspond-
ing relation to Hamilton's integral, M. Continuing then,
consider

(d/dt) (1 X L) = -(»/R*)X X L

But
(5)

(6)

whence

(d/dt)[f XL- (p/R)Z] = (d/dt)(M) = 0 (7)
By analogy then

(d/d£)(± X L* + X X L) = -W#3) X
[X-X + X.l - (3/R*)(\'X)(X-X)]X- (»/R*)(\.X)X -

(8)
T_he_right-hand side of Eq. (8) is (d/dt) [p/R\ -
(\-X)X] from which one obtains

(d/dt)[X X L* + X X L - (p,/R)\ +
(d/dt)(&*) = 0 (9)

The constant M* has nearly the same interesting relation to
M as does L* to L. _

In the derivation of M* with nonzero thrust terms included,
Eq. (9) becomes

(d/dt)(M*) X (X X X) + X X (10)
As in Ref. 2, Eq. (10) may be integrated over infinitesimal
thrust arcs. Thus at any time I, greater than the initial
time t0) in which p such thrust arcs have been traversed, each
at times ti i = 1, . . ., p, Eq. (10) may be integrated

then

M*-M* f -h A.-
(11)


